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1. INTRODUCTION AND PREL IMINARIES  
Recently, Giannessi [1] introduced a vector variational inequality for vector-valued mappings in a 
Euclidean space. Since then, Chen et al. [2-7], Lee et al. [8-10], Siddiqi et al. [11], Yang [12,13], 
and Yu et al. [14] have intensively studied vector variational inequalities in general settings. In 
particular, Lee et al. [8-10] and Chen et al. [2,7] have obtained existence theorems for solutions 
of generalized vector variational inequalities for set-valued maps in abstract spaces. 
Very recently, Yang [13] considered a vector variational inequality for vector-valued mappings 
in Banach spaces, defined its dual form, and proved their equivalence under some assumptions. 
Our motivation of this paper is to extend the above-mentioned results of Yang [13] to the 
set-valued case. 
Let Y be a Banach space with a convex cone P such that int P ~ 0 and P ¢ Y, where int 
denotes the interior. We use the following vector orderings in this paper: 
(1) for anyx ,  yEY ,  y<x i fandon ly i fy -xE - in tP ;  
(2) for any x, y E Y, y ~ x if and only if y - x ~ - int P; 
(3) for any two sets A ,B  C Y, A < B if and only if a < b for any a E A and any b E B; 
(4) for any two sets A ,B  C Y, A ~ B if and only if a ~ b for any a E A and any b E B. 
Let X be a nonempty subset of a Banach space E and Y a Banach space with a convex cone P 
such that int P ~ 0 and P ~ Y. Let T : X -~ 2 L(E,Y) be a set-valued map, where L(E ,  Y )  is the 
space of all linear continuous mappings form E into Y, and g : X --* Y a mapping. 
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Consider the following generalized vector variational inequality (GVVI) for set-valued maps: 
(CVVI) : Find Zo E X such that (s, x - Xo) + g(x) - g(xo) ~ 0 for 
any x e X and any s E T(xo), 
where (s, x) is the evaluation of s at x. 
When T is single-valued, (GVVI) collapses to the following Vector Variational Inequality (VVI): 
(VVI) : Find x0 E X such that (T(xo), x - xo) + g(x) - g(xo) )d 0 
for any x E X. 
If g = 0, then (GVVI) becomes the following vector variational inequality (GVVI)' for set- 
valued maps: 
(GVVI)' : Find x0 E X such that (s, x - x0) ~d 0 for any s E T(xo). 
(GVVI)' is the same as the vector variational inequality in [10] which was considered in an 
H-Banach space. However, (GVVI) I is a stronger form than two kinds of vector variational 
inequalities for set-valued maps in [2,7,9]. 
In this paper, in order to extend dual results of Yang [13, Theorem 3] to the set-valued case, we 
consider the generalized vector variational inequality (GVVI) for set-valued maps and establish 
the existence theorem for solutions of (GVVI). We give a Dual Vector Variational Inequality 
(DWI ) ,  which is the dual form of (GVVI), and prove an equivalence relation between (GVVI) 
and (DVVI). Our results subsume Theorems 1 and 3 in [13]. 
Now we give some definitions and the KKM-Fan Theorem in [15] needed in Sections 2 and 3. 
DEFINITION 1.1. Let X be a convex subset of a Banach space E and Y a Banach space with a 
convex cone P such that int P ~ 0 and P ~ Y,  and g : X --* Y a mapping. Then g is said to be 
P-convex if for any x, y E X and any A E [0, 1], 
g(Ax + (1 - A)y) e Ag(x) + (1 - A)g(y) - P. 
DEFINITION 1.2. Let X be a subset of a topological space E. Then a set-valued map F : X ~ 2 E 
~" ~' ' "  n X is called the KKM map if for each finite subset {xl .. ,xn} of X,  co{x1 , xn} C Ui=l F ( i ) ,  
where co{x1, . . . ,  xn} is the convex hull of {x l , . . . ,  xn}. 
THEOREM 1.1. KKM-FAN THEOREM. Let X be a subset of a topological space E and F : X --~ 
2 E a KKM map. I f  for each x E X,  F(x)  is closed and for at least one x E X ,  F(x)  is compact, 
then NzeE F(x)  # 0. 
2. EX ISTENCE THEOREMS 
In this section, we prove some existence theorems for (GVVI) and (VVI). Following the ap- 
proach of Lee et al. [10], we can obtain the following theorem. 
THEOREM 2.1. Let X be a closed convex subset of a Banach space E and Y a Banach space 
with a convex cone P such that int P # 0 and P ~ Y. Let g : X --* Y be a continuous mapping 
and T : X -* 2 L(E'Y) a lower semicontinuous set-valued map such that 
(i) for each y 6 X ,  By := {x 6 X : there exists s 6 T(y) such that ( s ,x -y )+g(x) -g (y )  < 0} 
is convex; 
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(ii) there exist a compact subset B orE  and Yo • B N X such that for each y • X\B ,  there 
exists s • T(y) such that (s, Yo - Y) + g(Yo) - g(Y) < O. 
Then the generalized vector variational inequality (GVVI) is solvable. 
PROOF. Define a set-valued map F : X --* 2 E by: for any x • X, 
F(x)  = {y • X :  ( s ,x -  y) + g(x) - g(y) ~ 0 for any s • T(y)}. 
We first check that F is a KKM map. Suppose, to the contrary, F is not a KKM map. 
Then there exists a finite subset A of X such that the convex hull of A, co A is not a subset of 
(J~eA F(x).  Thus, there exists z • co A such that for each x • A, there exists s • T(z) such that 
(s,x - z) +g(x)  -g (z )  < O. Hence A C Bz. Since by assumption (i), Bz is convex, coA C Bz. 
Since z • co A, z • Bz, and hence there exists s • T(z) such that (s, z -  z) + g(z) - g(z) • - int P. 
Thus, 0 • - int P, but this contradicts P ¢ Y. Therefore, F is a KKM map. 
Next we prove that for any x • X ,  F(x)  is closed. Indeed, let (Yn} be a sequence in F(x) 
converging to y, • X. By the lower semicontinuity of T, for any s. • T(y.) ,  there exists 
sn • T(yn) for all n such that the sequence {sn} converges to s, • L(E,  Y).  Since Yn • F(x)  for 
all n, we have 
( s~,x -y~)  +g(x)  - g(y~) ~ 0 (1) 
Moreover, we have 
]l(sn, x - Yn) -t- g (x )  - g(Yn) - ( s . ,x  - y . )  - g(x)  + g(y . ) ] ]  
= I I ( sn ,Y .  - Yn) + (sn - s . ,x  - y . )  +g(y . )  - g(Yn)]] 
=< I I ( sn ,  y .  - yn) l l  + 11(84 - 8 . ,x  - y . ) l l  + 119(y . )  - 9 (y~) l l  
< [[s~l[lly, -Y~ll + Ilsn - s ,  llSlz- y, ll + Jig(y,) -g(Yn)H. 
Since {s,} is bounded in L(E,  Y)  and g is continuous, (sn, x - Yn) + g(x) - g(Yn) converges to 
( s . , z  - y.) + g(x) - g(y.). By (1), (s . ,x  - y.) + g(x) - g(y.) ~t O. Thus y. • F(x)  and hence 
F(x)  is closed. 
Assumption (ii) implies that F(yo) C B. Hence F(yo) is compact. Therefore, the assumptions 
of Theorem 1.1 hold. By Theorem 1.1, Nzex F(x) ~ 0 and hence there exists x0 • X such that 
(s, x - xo) + g(x) - g(xo) ~t 0 for any x • X and any s • T(xo). I 
The above assumption (i) in Theorem 2.1 is strong. But, in the case that T is single-valued, 
we can remove assumption (i) in Theorem 2.1 with the additional assumption on the function g 
as follows. 
COROLLARY 2. ]. Let X be a closed convex subset of a Banach space E and Y a Banach space 
with a convex cone P such that int P ~ 0 and P ~ Y.  Let g : X --* Y be a continuous P-convex 
mapping and T : X ~ L(E,  Y )  a continuous mapping such that there exist a compact subset B 
of E and Yo • B N X such that 
(T(y), Yo - Y) + g(Yo) - g(Y) < O, for any y • X \B .  
Then the vector variational inequality (VVI) is solvable. 
PROOF. It suffices to prove that for each y • X, the set B v := {x • X : (T(y), x - y) + g(x) - 
g(y) < 0} is convex. Indeed, let xl ,x2 • B~ and A • [0, 1]. Then we have 
(T (y ) ,x l  - y) -Jr-g(xl) -g (y )  e - in tP  and 
(T (y ) ,  x2 - y) + g(x2) - g(y)  • - int P. 
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Since g is P-convex, we have 
(T(y) , )~xl  + (1 - A)x2 - y) + g(Ax l  + (1 - A)x2) - g(y) 
E A[(T(y), x l  - y) + g(x l )  - g(y)] + (1 - A)[(T(y), x2 - y) + g(x2) - g(y)] - P 
C - in tP  - in tP  -P  
= - intP. 
Thus (T (y ) ,  Ax l  + (1 - )~)x2 - y) + g()~xl + (1 - )~)x2) - g(y) < 0, and hence By is convex. I 
Corollary 2.1 is a slight extension of Theorem 1 in [13]. Hence, Theorem 2.1 is a set-valued 
extension of Theorem 1 in [13]. 
3. DUAL  VECTOR VARIAT IONAL INEQUAL ITY  
In this section, we introduce the dual vector variational inequality for (GVVI). Let X be a 
Banach space and Y a Banach space with a closed convex cone P such that int P ~ 0 and P ~ Y. 
The set-valued map T : X --, 2 L(X,Y) and the mapping g : X --* Y are given. Notice that X is a 
subset of a Banach space in previous ections, but X is a Banach space in this section. 
Consider the following generalized vector variational inequality (GVVI): 
(GVVI) : Find x0 E X such that (s, x - xo) + g(x)  - g(xo) ~ 0 for 
any x e X and any s E T(xo) .  
When T is single-valued, (GVVI) becomes the following vector variational inequality (VVI): 
(VVI) : Find x0 E X such that (T(xo) ,  x - Xo) ÷ g(x)  - g(xo) ~ 0 
for any x E X. 
A set-valued map T : X --* 2 L(X,Y) is called injective if for any x ,x  ~ E X with x ~ x ~, 
T(x)  M T (x  ~) = 0; we can give an example of injectiveness of T as follows. 
EXAMPLE. Define a set-valued map T : R --* 2 R by: for any x E X ,  T (x )  = {e -x, -e-X}.  Then 
T is injective. 
When T : X --* 2 L(X,Y) is injective, we define a set-valued map T ~ : L(X ,  Y )  --~ 2 X as follows: 
T'(1) = -T - l ( - l ) ,  for any l e Domain (T ' )  = -Range (T), 
where x E T- l (y )  if and only if y E T(x) .  
We notice that if T : X --~ 2 L(X,Y) is injective, then T -1 is single-valued and hence T ~ is 
single-valued. 
Our dual vector variational inequality (DVVI) of (GVVI) is given as follows: 
(DVVI) : Find l0 E Domain (T') such that (l - lo, T ' ( lo))  ~ g*(lo) - 
g*(l) for any l e L (X ,Y ) ,  
where g*(l) = WMax{(/ ,x)  -g (x )  I x e X}  is the vector conjugate function of the mapping g 
(see [16,17]) and WMaxA is the set of all weak vector maximums of a set A, i.e., a0 E WMaxA 
if and only if for any a E A, a0 ~ a. 
Notice that (DVVI) is the same form as the dual vector variational inequality (DVVI) given 
by Yang [13]. If T is single-valued and Y = R, (DVVI) is the dual variational inequality in [18]. 
P is said to be connected [19] if P U ( -P )  = Y. 
Now we give an equivalence relation between (GVVI) and (DWI) ;  our result is a set-valued 
extension of Theorem 3 in [13]. 
Generalized Vector Variational Inequality 25 
THEOREM 3.1. Let X be a Banach space and Y a Banach space with a convex cone P such that 
int P ~ @ and P ~ Y.  Suppose that the cone P is connected, a set-valued map T : X -* 2 i (X'Y) 
is injective, and a mapping g : X --* Y is P-convex and continuous. Assume that for any 
l • L(X,  Y), g* (l) ~ @. Then xo is a solution of (GVVI) if and only if for any lo • -T(xo),  lo is 
a solution of (DWI ) .  
PROOF. NECESSITY. Let x0 be a solution of (GVVI). Then we have ( -s ,  x0) - g(xo) ~ ( -s ,  x) - 
g(x) - int P for any x • X and any s • T(xo). Hence we have 
(-s,xo) - g(xo) • g*(-s), (2) 
for any s e T(xo). 
Suppose that there exists l0 E -T(xo)  such that l0 is not a solution of (DVVI). Then there exists 
[ E L (X ,Y )  such that ([-1o,-Xo) < g*(lo)-g*(D. By (2), ( [ - lo , -xo)  < ( lo ,zo) -g(xo) -g*(D,  
and hence g*(D < ([,xo) -g(xo) ,  which contradicts to the definition of g*(D. Hence, for any 
lo E -T(xo) ,  Io is a solution of (DVVI). 
SUFFICIENCY. Let lo be a solution of (DVVI). Suppose that xo = -T'( lo) is not a solution of 
(GVVI). Then there exist u E X and 10 E -T(xo)  such that (-lo, u - xo) + g(u) - g(xo) < O. 
Since (lo, xo) - g(xo) • (lo, u) - g(u) - int P, we have 
(lo,xo) - g(xo) ~ g*(lo). (3) 
Since 10 E -T (xo)  is a solution of (DVVI), we have 
(l - l o , -xo)  ~ g *( lo)  - g*(/), (4)  
for any l E L(X ,Y ) .  Since g is P-convex, OWg(xo) ~ @ (see [4,17]), where OWg(xo) := {l E 
L(X,  Y)  : (l, xo) - g(xo) q~ (l, x) - g(x) - int P for any x E X} is the set of weak subgradients 
of g at xo, defined in [4,17]. Let l E OWg(xo), then we have (l,xo) -g(xo)  E g*(1). Hence by (4), 
( /o ,xo)  - g(xo)  IC g*( lo ) .  
From the definition of g* and P being connected, 
(10, xo) - g(z0) E g*(Z0), 
which contradicts (3). Hence, xo = -T'( lo) is a solution of (GVVI). | 
When T is single-valued, we can obtain the following dual result of Yang [13] from Theorem 3.1. 
COROLLARY 3.1. (See [13, Theorem 3].) Let X be a Banach space and Y a Banach space with 
a convex cone P such that int P ~ @ and P ~ Y. Suppose that the cone P is connected, a
vector valued mapping T : X --~ L(X, Y) is injective, and a mapping  : X --~ Y is P-convex and 
continuous. Assume that for any l E L (X ,Y ) ,  g*(l) ~ 0. Then Xo is a solution of (VVI) if and 
only if -T (xo)  is a solution of (DVVI). 
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